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Introduction



Reminders

Atomic orbitals (AOs): χk . Non-orthogonal set of one-electron functions.

χk(r) =
∑
l

Pkl(r)e−γkl |r|
p

P : Spherical harmonics or Polynomial. p = 1: Slater, p = 2: Gaussian
Molecular orbitals (MOs): LCAO. Orthonormal set of one-electron functions.

φi (r) =
∑
k

Cikχk(r)

Many different types of MOs: Hartree-Fock, Kohn-Sham, localized, natural, . . .
N-electron Wave function: Anti-symmetric product of MOs =⇒ Slater determinant

Ψ(r1, r2, . . . , rN) =

∣∣∣∣∣∣∣∣∣
φ1(r1) φ2(r1) . . . φN(r1)
φ1(r2) φ2(r2) . . . φN(r2)

...
. . .

...
φ1(rN) φ2(rN) . . . φN(rN)

∣∣∣∣∣∣∣∣∣



Orbitals

MOs are linear combinations of AOs (LCAO)
One can build as many MOs as AOs
The space spanned by MOs is the same as the space spanned by AOs

Hartree-Fock MOs are divided into occupied and virtual MOs
Occupied Hartree-Fock MOs: Orthonormal set of LCAOs which minimize the energy
of a Slater determinant
Virtual Hartree-Fock MOs: The orthonormal complement of the Occupied MOs



Slater determinant

The Slater determinant can be rewritten by separating ↑- and ↓-spin electrons:

Ψ(r1, r2, . . . , rN↑ , rN↑+1, . . . , rN) =∣∣∣∣∣∣∣∣∣
φ1(r1) φ2(r1) . . . φN↑(r1)

φ1(r2) φ2(r2) . . . φN↑(r2)
...

. . .
...

φ1(rN↑) φ2(rN↑) . . . φN↑(rN↑)

∣∣∣∣∣∣∣∣∣×
∣∣∣∣∣∣∣∣∣
φ1(rN↑+1) φ2(rN↑+1) . . . φN↓(rN↑+1)

φ1(rN↑+2) φ2(rN↑+2) . . . φN↓(rN↑+2)
...

. . .
...

φ1(rN) φ2(rN) . . . φN↓(rN)

∣∣∣∣∣∣∣∣∣
= D↑(r1, r2, . . . , rN↑)× D↓(rN↑+1, . . . , rN)



Electron correlation

Ψ2 = (D↑ × D↓)
2

= D2
↑ × D2

↓

The N-electron density is the product of a density of N↑ ↑-spin electrons and a
density of N↓ ↓-spin electrons.
Mean-field approach: ↑-spin and ↓-spin electrons are statistically independent
Although same-spin electrons are not statistically independent, the
single-determinant model is said to be uncorrelated.



Electron correlation

We have seen that electron correlation can be introduced with a Jastrow factor:

Ψ(r1, . . . , rN) = D↑(r1, . . . , rN↑)× D↓(rN↑+1, . . . , rN)× exp (J(r1, . . . , rN))

with

J(r1, . . . , rN) =
N∑
i<j

b1 |ri − rj |
1 + b2 |ri − rj |

+ . . .

J couples ↑-spin and ↓-spin electrons, so

Ψ(r1, . . . , rN)2 6= p↑(r1, . . . , rN↑)× p↓(rN↑+1, . . . , rN)

and ↑-spin and ↓-spin electrons are correlated.

Correlation energy

Ecor[Ψ] = E [Ψ]− EHF



N-electron basis functions

Ψ is an N-electron function
It can be expressed as a linear combination of N-electron functions

Ψ(r1, . . . , rN) =

Nd∑
i=1

ci Di (r1, . . . , rN)

If the basis is infinitely large, the exact wave function can be obtained by finding
the ci which minimize the energy.

E (Ψ1) ≥ E (Ψm) ≥ E (ΨNd
) ≥ E (Ψ∞) = Eexact

with 1 ≤ m ≤ Nd .



Slater determinants

A natural N-electron basis is the basis of all possible Slater determinants that can be
built with a given set of M MOs:

Ψ = c1

( −−
−−
−↑−↓

)
+ c2

( −−
−↑−
−−↓

)
+ c3

( −↑−
−−
−−↓

)
+ c4

( −−
−−↓
−↑−

)
+

c5

( −−
−↑−↓
−−

)
+ c6

( −↑−
−−↓
−−

)
+ c7

( −−↓
−−
−↑−

)
+ c8

( −−↓
−↑−
−−

)
+ c9

( −↑−↓
−−
−−

)
Each basis function is antisymmetric =⇒ Ψ is antisymmetric



Slater determinants

The size of the basis grows fast:

Nd =

(
M!

N↑!(M − N↑)!

)
×
(

M!

N↓!(M − N↓)!

)

Example
18 electrons in 111 orbitals:
Nd = 2.5× 1025 determinants.

Ψ(r1, . . . , rN) = c1 D1↑(r1, . . . , rN↑)D1↓(rN↑+1, . . . , rN) +

c2 D2↑(r1, . . . , rN↑)D2↓(rN↑+1, . . . , rN)

Ψ(r1, . . . , rN)2 6= p↑(r1, . . . , rN↑)× p↓(rN↑+1, . . . , rN)=⇒ electron correlation.



Configuration state functions

The exact wave function is an eigenfunction of the spin operator Ŝ2

Slater determinants are eigenfunctions of Ŝz , but not of Ŝ2

To obtain Ψ eigenfunction of Ŝ2, one needs to have in the determinant set all
possible spin flips in open shells

−|
−|
−|
−|
−||

 = a


−−↓
−−↓
−↑−
−↑−
−↑−↓

 + b


−↑−
−−↓
−−↓
−↑−
−↑−↓

 + c


−↑−
−−↓
−↑−
−−↓
−↑−↓

 + d


−↑−
−↑−
−−↓
−−↓
−↑−↓

 + e


−−↓
−↑−
−↑−
−−↓
−↑−↓

 + f


−−↓
−↑−
−−↓
−↑−
−↑−↓





Configuration state functions

Configuration state functions (CSF): Linear combinations of Slater determinants,
which are eigenfunctions of S2:


−|
−|
−|
−|
−||

 = A×
1
2



−↑−
−−↓
−−↓
−↑−
−↑−↓

 +


−−↓
−↑−
−↑−
−−↓
−↑−↓

−

−↑−
−−↓
−↑−
−−↓
−↑−↓

−

−−↓
−↑−
−−↓
−↑−
−↑−↓




+ B ×
√

3
6

−2


−−↓
−−↓
−↑−
−↑−
−↑−↓

 +


−↑−
−−↓
−−↓
−↑−
−↑−↓

 +


−↑−
−−↓
−↑−
−−↓
−↑−↓

− 2


−↑−
−↑−
−−↓
−−↓
−↑−↓

 +


−−↓
−↑−
−↑−
−−↓
−↑−↓

 +


−−↓
−↑−
−−↓
−↑−
−↑−↓




The CSF basis is smaller than the determinant basis: one selects only basis
functions with the desired 〈Ŝ2〉



Configuration interaction

Configuration interaction (CI)

Ψ is a linear combination of Slater determinants (or CSFs)
The energy is minimized by diagonalizing the Hamiltonian in the basis of Slater
determinants (or CSFs)

E =
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

CI methods
Differ by the choice of the basis:

Full configuration interaction (FCI): All possible Slater determinants. O(N!)

CI with Single and Double substitutions (CISD): No more than one or two MOs
differ from the Hartree-Fock determinant. O(N2

oN
2
v )

Complete Active Space (CAS): Only a subset of m MOs can be substituted from
the Hartree-Fock determinant. O(m!)



Dynamic vs static correlation

Dynamic : short-range effects due to the Coulomb hole. Hartree-Fock qualitatively
correct, many small contributions.
Static : near-degeneracies. Hartree-Fock qualitatively incorrect, few large
contributions.

Examples

CH4, 6-31G: 38× 106 determinants. Dynamic
EHF -40.1805 a.u
EFCI -40.3011 a.u

Dissociated H2, STO-6G: 2 determinants (1 CSF). Static

Ψ(1, 2) =
1√
2

(
φ1(1)φ1(2)− φ2(1)φ2(2)

)
EHF -0.5572 a.u ε1 = -0.08619 a.u
EFCI -0.9421 a.u ε2 = -0.08619 a.u



Dynamic vs static correlation

Dynamic: Well described by a Jastrow factor
Static: Well described by a linear combination of Slater determinants
Optimal representation:

Ψ =

(∑
i

ciDi

)
exp (J)

Interplay between static and dynamic correlation: ci should be optimized in the
presence of exp(J).



Size consistency

Size consistency: Strict separability. When two systems A and B are far enough to not
interact:

E [ΨA...B ] = E [ΨA] + E [ΨB ]

If the MOs are localized on fragments A and B , determinants can be written as

|KA...B〉 = |IAJB〉 = |IA〉 ⊗ |JB〉

FCIAB is built as the tensor product of FCIA and FCIB

ΨA...B =
∑
K

cK |KA...B〉 =

(∑
I

cAI |IA〉
)
⊗
(∑

J

cBJ |JB〉
)



Size consistency

CI is usually not size-consistent. Example: CISD
The CISD space for A . . .B is not the tensor product of the spaces of A and B

|IA〉 = T̂ kl
ij |HFA〉 |JB〉 = T̂ pq

mn|HFB〉
|IAJB〉 = T̂ kl

ij T̂
pq
mn|HFAHFB〉

|KA...B〉 = T̂ klpq
ijmn |HFA...B〉 : quadruple excitation, missing in CISD space

The size-consistency error is positive:

E [ΨA...B
CISD] ≥ E [ΨA

CISD] + E [ΨB
CISD]

Size-consistent particular cases

Hartree-Fock FCI CAS-SCF



Configuration Interaction



Configuration Interaction

Define an orthonormal basis of N-electron functions: Slater determinants or CSFs
{|I 〉}
Express the wave function on this basis: 〈I |Ψ〉 = cI

|Ψ〉 =
∑
I

cI |I 〉

The energy is given by

E [Ψ] =
〈Ψ|Ĥ|Ψ〉
〈Ψ|Ψ〉

The optimal cI are obtained when |Ψ〉 is an eigenfunction of H, and E is the
corresponding eigenvalue



Diagonalization of the Hamiltonian

〈I |J〉 = δIJ , because MOs are orthonormal.
HIJ = 〈I |Ĥ|J〉
〈Ψ|Ψ〉 =

∑
IJ cI cJ δIJ =

∑
I c

2
I = 1

E [Ψ] =
∑
IJ

cI cJ HIJ

When Nd is small < 104, direct diagonalization of H
When Nd is large, Davidson’s algorithm to extract the desired roots.
Iterative computation of |W 〉 =

∑
I wI |I 〉 =

∑
I |I 〉〈I |H|Ψ〉 (power method).



Slater-Condon rules

Thanks to 〈I |J〉 = δIJ :
Diagonal terms:

HII =
∑
i

〈i |ĥ|i〉+
∑
ij

〈ij ||ij〉

|J〉 = T̂ r
p |I 〉: |I 〉 and |J〉 differ by one MO:

HIJ = 〈p|ĥ|r〉+
∑
i

〈pi ||ri〉

|J〉 = T̂ rs
pq|I 〉: |I 〉 and |J〉 differ by two MOs:

HIJ = 〈pq||rs〉
|I 〉 and |J〉 differ by more than two MOs:

HIJ = 0



Computational aspects

There are:
O(N4) two-electron integrals
Nd Slater determinants

Algorithms
Integral-driven

Loop over integrals
Add the contributions to |W 〉

Determinant-driven
Loop over determinants
Usually, Nd ≫ O(N4), so less efficient than determinant-driven



Excited states

Same symmetry:
Obtained as different eigenvectors of H. Expanded on the same set of
determinants:

Ψ(k) =
∑
I

c
(k)
I |I 〉

Lowest states of different symmetries:
H is block-diagonal:

Pick only determinants of the desired symmetry
Obtain the ground state

Expanded on different sets of determinants:

Ψ(k) =
∑
I

c
(k)
I |I (k)〉



Summary of CI methods

All CI methods are approximations of the FCI
They differ by the choice of the Slater determinant basis

CIS, CISD, CISDT, CISDTQ, . . . : Number of differences wrt Hartree-Fock
(dynamic)
CAS, RAS, GAS, . . . : CI in an active space (static)

MR-CI : active space + CISD for each reference (static + dynamic)
MP2, CAS-PT2, dynamic correlation is computed with perturbation theory:
cheaper than CI



Selected Configuration Interaction



Full CI

FCI: Exact solution of ĤΨ = EΨ in a complete basis of Slater determinants
The determinant basis is derived from the one-electron basis set
Only approximation : one-electron basis-set incompleteness
Intractable : O(N!) scaling
All the post-Hartree-Fock methods are approximations of the FCI within the same
basis set



Largest CAS-SCF (2017)



The Full CI Hamiltonian is very sparse

Each row 〈I | of H has non-zeros when |J〉 differs by less than 3 MOs
(Slater-Condon rules)
Each row has at most O(N2

oN
2
v ) non-zero elements

H is symmetric, the same applies to columns
Davidson’s algorithm involves computing 〈I |Ĥ|Ψ〉
Sparse matrix-vector multiplication: O(Nd × N2

oN
2
v )



Full CI

FCI has seen a breakthrough in 2007-2012
DMRGa

FCI-QMC : Stochastic solution of FCI equations.b

First row diatomics cc-pV5Z.c

Selected Configuration Interaction
Scaling is still O(N!), but pre-factor is killed.
Much larger active spaces are possible today

aG. K.-L. Chan , arXiv:0711.1398 (2007)
bG.H. Booth , J. of Chem. Phys. 131, 054106 (2009).
cD. Cleland , J. Chem. Theory Comput. 8, 4138 (2012)



Modern CAS-SCF



Modern CAS-SCF



Selected Configuration Interaction (SCI)

Select determinants on-the-fly
with perturbation theory (CIPSI1)
or based only on the matrix elements of Ĥ (SHCI2)

Target spaces : Full-CI, MR-CISD, large CAS, . . .
Use PT2 to estimate the missing part

1B. Huron, J.P. Malrieu, and P. Rancurel, J. Chem. Phys. 58, 5745 (1973).
2A.A. Holmes, C.J. Umrigar, and S. Sharma, J. Chem. Phys. 147, 164111 (2017)



CIPSI Algorithm

Start with D0 = {|HF〉} and |Ψ0〉 = |HF〉.

1 ∀ |i〉 ∈ {T̂SD|Ψn〉} \ {Dn}, compute ei = 〈i |H|Ψn〉2
E(Ψn)−〈i |H|i〉

2 if |ei | > εn, select |i〉
3 Estimated energy : E (Ψn) + EPT2(Ψn) = E (Ψn) +

∑
i ei

4 Dn+1 = Dn ∪ {∪i(selected)|i〉}
5 Minimize E (Ψn+1) (Davidson),

Ψn+1 = Ψn +
∑

i(selected) ci |i〉
6 Choose εn+1 < εn

7 Iterate
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Convergence of CIPSI
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When Nd = NFCI, EPT2 = 0, CI is solved exactly.
Every CI problem can be solved by iterative perturbative selection



Extrapolated FCI energies
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exFCI : Extrapolate E = f (EPT2) at
EPT2 = 0, estimates the complete CI
solution.



Consistent energies

The error of EFCI ∼ E + EPT2 is proportional to EPT2

EFCI = E + (1 + α)EPT2

For 2 states

E
(1)
FCI = E (1) + (1 + α(1))E

(1)
PT2

E
(2)
FCI = E (2) + (1 + α(2))E

(2)
PT2

If α(1) = α(2) and E
(1)
PT2 = E

(2)
PT2

E
(2)
FCI − E

(1)
FCI = E (2) − E (1)



Consistent energies

-150.2

-150.1

-150

-149.9

-149.8

-149.7

-149.6

-149.5

-149.4

-149.3

-149.2

 10  100  1000  10000  100000  1x106  1x107  1x108

E
n
e
rg

y
 (

a
u
)

Number of determinants

Excited state, Evar
Ground state, Evar

Excited state, Evar+PT2
Ground state, Evar+PT2

●
●

●
●

●

●

●

●

●

●

●
●

●
●●●●●●●

■
■

■

■

■

■

■

■

■

■
■

■■■■■■■■

●
●
●

●
●

●

●

●

●

●

●

●
●

●
●●●●●●●

■
■

■
■

■

■

■

■

■

■

■

■
■

■■■■■■■■

●

■

-��� -��� -��� -��� -��� -��� ���

-�����

-�����

-�����

-�����

-�����

−(1 + α) is the slope of the extrapolation curve
α(1) ∼ α(2) can be obtained using state-average orbitals



Multideterminant QMC



Wave function

In a CI calculation:
|Ψ〉 =

∑
I

cI |I 〉

In QMC:

Ψ(r1, . . . , rN) =

(∑
k

ckDk(r1, . . . , rN)

)
eJ(r1,...,rN)

=
∑
k

ck

(
DK (r1, . . . , rN)eJ(r1,...,rN)

)

Computationally expensive
We need to evaluate all the Slater determinants at each MC step
Compacting the wave function is desirable



Evaluation of a determinant

1 Build the Slater Matrix Aij = φj(ri ):

A =


φ1(r1) φ2(r1) . . . φN(r1)
φ1(r2) φ2(r2) . . . φN(r2)

...
. . .

...
φ1(rN) φ2(rN) . . . φN(rN)


2 LU factorization (dgetrf) : A = PLU, costs O(N3)

3 detA =
∏

i Uii



Evaluation of the derivatives of a determinant

∇i (detA)

detA
=
∑
j

∇iφj(ri ).A−1
ji

∆i (detA)

detA
=
∑
j

∆iφj(ri ).A−1
ji

Inverse of A (dgetri) : costs O(N3)



Shermann-Morrison-Woodbury

A and A−1 are known, u and v are column vectors,(
A + uv †

)−1
= A−1 − A−1uv †A−1

1 + v †A−1u
.

Costs O(N2).

Single orbital change:

u =

 φk(r1)− φl(r1)
...

φk(rN)− φl(rN)

 , v =


0
...
1
...
0

 ,



Computational scaling

Ψ(r) =

Nd∑
k

ckDk =

Nd↑∑
i

Nd↓∑
j

Cij Di↑(r↑)Dj↓(r↓)

D↑(r↑) : vector of Nd↑ elements
D↓(r↓) : vector of Nd↓ elements
C : Nd↑ × Nd↓ matrix. The matrix contains Nd non-zero elements

C is constant in a QMC calculation =⇒ preprocessing.



Computational scaling

At every MC step, we need to evaluate:

Ψ = (D↑†(C)D↓)
∇iΨ = ∇iD↑†.(CD↓) or (D↑†C).∇iD↓
∆iΨ = ∆iD↑†.(CD↓) or (D↑

†C).∆iD↓

V non−loc
pseudo Ψ = V non−loc

pseudo D↑
†
.(CD↓) or (D↑

†C).V non−loc
pseudo D↓

(↑ electrons and ↓ electrons)



Computational scaling

O(Nd↑ × N2
elec↑)

D↑ and D↓, ∇D↑ and ∇D↓, ∆D↑ and ∆D↓

O(Nd), tiny prefactor

Sparse vector-matrix product D↑†.C : Nd operations, returns a Nd↓ vector

O(Nelec↓ × Nd↑)

Dot product with D↓ : Nd↓ operations, produces a scalar
Matrix product with ∇D↓ : 3Nelec↓ × Nd↓ operations, produces a 3Nelec↓ vector
Matrix product with ∆D↓ : Nelec↓ × Nd↓ operations, produces a Nelec↓ vector
Matrix product with V non−loc

pseudo D↓ : Nelec↓ × Nd↓ operations, produces a Nelec↓
vector



Post-FCI QMC

Use large CIPSI wave functions as trial wave functions for DMC3:

H2O
best estimate of the
exact energy
∼ 106 Slater
determinants

0.0 0.1 0.2 0.3 0.4 0.5

1/n [ cc-pCVnZ basis set ]

−76.44

−76.43

−76.42

−76.41

−76.40

−76.39

E
n
er
g
y
(a
.u
)

Full-CI

DMC/CIPSI

Estimated exact

✶
TZQZ5Z6Z DZZ

3Caffarel et al, (2016), J. Chem. Phys., 144:15(151103)



Effect of the Jastrow factor on the CI wave function

Adding a Jastrow factor on top of a CI wave function:
The N-electron basis is no more orthonormal

〈DI e
J |DK eJ〉 6= δIK

Double-counting of correlation
Dynamic correlation from the determinants
Dynamic correlation from the Jastrow

The CI coefficients are no more optimal



Effect of the Jastrow factor on the CI wave function

Re-optimizing the CI coefficients in the presence of the Jastrow:
Increases large coefficients
Reduces small coefficients

Solving H.C = E S.C is difficult:
Statistical errors in matrix elements of H and S
Determinants with tiny CI coefficients have a negligible contribution to Ψ2

The error on 〈K |Ĥ|L〉 is often larger than the expectation value when cK is small.



Excited states in QMC

Nodal surfaces (DMC energies) are determined by the determinant expansion.
Accurate energy differences need balanced wave function qualities between the
states

Two different strategies:
1 Stochastic optimization

Use a deterministic method which gives a qualitatively good description (minimal
CAS-SCF)
Reoptimize all the parameters: MOs, CI, Jastrow

2 Deterministic optimization
Use a deterministic method which gives a reasonable ∆E (MR-CI, CIPSI)
Run a DMC without modifying the wave function.



Excited states in QMC

Pros Cons

Deterministic Very good quality control Very large expansions
optimization Smooth potential energy surfaces Limited to small systems

Stochastic Compact wave functions Noisy optimization
optimization Can be applied to large systems Harder to get balanced energies



Excited states in QMC

Good strategy towards large systems: The best of both worlds
Small CIPSI expansions in a large active space : =⇒ compact
Enforcing constant EPT2 for selecting determinants =⇒ ∆E ∼ ∆EFCI consistent
quality for both states
Optimize a Jastrow factor in QMC
Re-optimize all parameters in QMC
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